
Electron Correlation Energy 
• in the Hartree-Fock approximation, each electron 

sees the average density of all of the other 
electrons 

• two electrons cannot be in the same place at the 
same time 

• electrons must move two avoid each other,  
 i.e. their motion must be correlated 
• for a given basis set, the difference between the 

exact energy and the Hartree-Fock energy is the 
correlation energy 

• ca 20 kcal/mol correlation energy per electron pair 



General Approaches 

• include r12 in the wavefunction 
– suitable for very small systems 
– too many difficult integrals 
– Hylleras wavefunction for helium 

• expand the wavefunction in a more convenient 
set of many electron functions 
– Hartree-Fock determinant and excited determinants 
– very many excited determinants, slow to converge 
– configuration interaction (CI) 



Goals for Correlated Methods 
• well defined 

– applicable to all molecules with no ad-hoc choices 
– can be used to construct model chemistries 

• efficient 
– not restricted to very small systems 

• variational  
– upper limit to the exact energy 

• size extensive 
– E(A+B) = E(A) + E(B) 
– needed for proper description of thermochemistry 

• hierarchy of cost vs. accuracy 
– so that calculations can be systematically improved 



Electron Correlation
How Important is It?
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The fundamental approximation of the Hartree-Fock
method:  interactions between electrons are treated in an
average way, not an instantaneous way

H

One electron
EHF    = –0.500 00 a.u.
Eexact = –0.500 00 a.u.

He

Two electrons
EHF    = –2.861 68 a.u.
Eexact = –2.903 72 a.u.
Error ~ 26 kcal mol–1 !

Infinite basis set results



Correlated Methods. I. Configuration Interaction
A Hartree-Fock one-electron orbital is expressed as a linear combination of

basis functions with expansion coefficients optimized according to a variational
principle
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The HF many-electron wave function is the Slater determinant formed by
occupation of lowest possible energy orbitals, but, the HF orbitals are not

“perfect” because of the HF approximation

So, one way to improve things would be to treat the different Slater
determinants that can be formed from any occupation of HF orbitals to

themselves be a basis set to be used to create an improved many-electron
wave function
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• determine CI coefficients using the variational principle 

• CIS – include all single excitations  
– useful for excited states, but on for correlation of the ground state 

• CISD – include all single and double excitations 
– most useful for correlating the ground state 
– O2V2 determinants (O=number of occ. orb., V=number of unocc. orb.) 

• CISDT – singles, doubles and triples 
– limited to small molecules, ca O3V3 determinants 

• Full CI – all possible excitations 
– ((O+V)!/O!V!)2 determinants 
– exact for a given basis set 
– limited to ca. 14 electrons in 14 orbitals 

Configuration Interaction 
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Configuration Interaction 

• very large eigenvalue problem, can be 
solved iteratively 

• only linear terms in the CI coefficients 
• upper bound to the exact energy 

(variational) 
• appliciable to excited states 
• gradients simpler than for non-variational 

methods 

ttH E=



Correlated Methods. II. Many-body
Perturbation Theory

• Rayleigh-Schrödinger perturbation theory maps an
inexact operator with known eigenfunctions to an
exact operator with increasing orders of accuracy

• Møller and Plesset (MP) first suggested mapping
from the zeroth-order Fock operator to the correct
Hamiltonian (the “perturbation” is the entire electron
repulsion energy…)

• MP0 double-counts electron repulsion, MP1 = HF,
MP2 captures a “good” amount of correlation energy
at low cost, higher orders available (up to about MP6
in modern codes—becomes expensive rapidly)

• Multireference options available:  CASPT2, RASPT2,
and analogs

• No guarantee of convergent behavior—pathological
cases occur with unpleasant frequency



• size extensive at every order 
• MP2 - second order relatively cheap (requires only 

double excitations) 
• 2nd order recovers a large fraction of the correlation 

energy when Hartree-Fock is a good starting point 
• practical up to fourth order (single, doubly, triple 

and quadruple excitations) 
• MP4 order recovers most of the rest of the 

correlation energy 
• series tends to oscillate (even orders lower) 
• convergence poor if serious spin contamination or 

if Hartree-Fock not a good starting point 

Møller-Plesset Perturbation Theory 



Limitingvalue

Property

HF

MP2

MP3

MP4

Typical oscillating behaviour of results obtained with the MP method





Correlated Methods. III. Coupled Cluster
CI adopts a linear ansatz to improve upon the HF reference

Coupled cluster proceeds from the idea that accouting for the interaction of one
electron with more than a single other electron is unlikely to be important. Thus,
to the extent that “many-electron” interactions are important, it will be through

simultaneous pair interactions, or so-called “disconnected clusters”

An exponential ansatz can accomplish this in an elegant way. If we define
excitation operators, e.g., the double excitation operator as
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Then the full CI wave function for n electrons can be generated from the action
of 1 + T = 1 + T1 + T2 + • • • + Tn on the HF reference



Correlated Methods. III. Coupled Cluster (cont.)
More importantly, if we consider the action of eT on the HF reference, restricting

ourselves for the moment to just T = T2

Note that repeated applications of T2 (which is what is implied in squared,
cubed, etc. terms) generates the desired “disconnected clusters”

Like CID, an iterative solution to coupled equations can be undertaken
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Correlated Methods. III. Coupled Cluster (cont.)
The math is somewhat tedious, but the CC equations can be shown to be size-

extensive for any level of excitation

CCSD (single and double excitations) is convenient but addition of disconnected
triples (CCSDT) is very expensive. A perturbative estimate of the effect of triple
excitations defines the CCSD(T) method, sometimes called the “gold standard”

of modern single-reference WFT



Post-HF levels:  Price/Performance

HF < MP2 ~ MP3 ~ CCD < CISD

< MP4SDQ ~ QCISD ~ CCSD < MP4 < QCISD(T) ~ CCSD(T) < …

Scaling 

behavior 

Method(s) 

N4 HF 

N5 MP2 

N6 MP3, CISD, MP4SDQ  CCSD, QCISD 

N7 MP4, CCSD(T)  QCISD(T) 

N8 MP5, CISDT, CCSDT 

N9 MP6 

N10 MP7, CISDTQ, CCSDTQ 

 



 
 

 
 

 
  

 
   

 



             
 

 

 
 
 
 
 
 
 
 

  
  
 
 
 
 
 
  

 
 
 
  

 
 
 

 
 
 
 

 
 
 

 
 
 
 

 
 
 
 

 
  
 

             
 

 

 
 
  
 
 
 
 
 

 
 
 
 
 
 
 
 

  
  
 
 

 
 
  

 
 
 
 

 
 
  

  
   
   
  

  
  

  



      
         

   

  
  
  

  
  

             
 

      

      
      
     
     
    



            

 

 

 
 

 

 

     



      
      

    

 

         
  

               
    

  



        

  

 
 

 
 

 
 

 
 
 

 
 

           

 
 
 
 
 
  

 
 
 
   

  
   

 
  

 



           

   

  

 

 

 

 

 

 

 
 

 
  

 
 

  




