Brownian Dynamics

Mutual Diffusion

Suppose that we have two freely diffusing particles with positions r; and ry
o = (D1V3 + DaV3) p.
where p is now really p = p(r1, ro, t|r10, 720, to). If we define two new coordinates
r=7ry—1 R=ar;+ bry

we find that
Vi =a’V% + V2 —2aViV,

Vi =b0’Vi+ V2 - 2bV,V,
and the diffusion term becomes

D = (Dya* + D*b*)V3% + (D1 + Do) VZ + 2(Dyb — D1a)VgV,.

If we want r and R to be linearly independent, we choose our constants as
CL:\/DQ/Dl b:\/Dl/DQ

D = (D + D3)V% + (D; + D) V2.

We are really only interested in the diffusion of the particles with respect to each other
(i.e. how r changes), and we can ignore the V% term since it just reflects the drift of the
system. With this, our diffusion equation becomes

so that D becomes

3tp = (D1 + DQ) V2p

The term Dy + D, is called the mutual diffusion coefficient.
For two interacting particles, we again have a Smoluchowski diffusion equation

0w = (D1V3+ DV — DofVy - F+ DiV, - F)p

where the force on particle 1 is F' and the force on particle 2 is —F'. Again moving to the
set of r and R coordinates, we get

dp = (DV%+ DV - (V - BF))p

where we have written D = D; + D,. Again, if we ignore the drift in the system, this
equation simplifies to
op=VD-(V—p5F)p.

Once again, if the system adopts a stationary distribution fo inter-particle distances r,
this means

VD -(V — BF)p=0.
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If we assume that the interactions are only dependent on r, we can again identify the radial
current as and we find that the rate at which our particles achieve a separation r = b is
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or if we interpret this as a second order rate constant,
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This is due to Smoluchowski (1916).

Association Rates

Unfortunately, the interaction between a protein and another ligand or protein are not centro-
symmetric, and we actually need to simulate the association of the two molecules. We can,
however, use the Smoluchowski result to greatly speed up our simulations. We know how
particles perform in centro-symmetric potentials, so we need only simulate in the region
where things are not symmetric.

Suppose that the interaction potential between two particles is zero, at least up to a
point r = b. Since there is no potential up to this point, the rate at which particles achieve

a separation b is
47D
k(b) = oo dr

b 2

= 47 Db.

If after reaching = b the proteins have a probability p of interacting, the association rate is

ki = k(b)p.

We will perform Brownian dynamics simulations to find the probability p, starting with the
proteins separated by b. If the proteins diffuse away to a distance greater than b, we will
be wasting simulation time since there is no interaction at this point. For that reason we
introduce an outer radius ¢ > b where we stop our simulations. The following figures depicts
how our reaction rates are calculated.
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The dashed box in the figure is what we actually simulate, but since we stop our simula-
tions at r = ¢, we do not allow for the possibility that the proteins may again encounter each
other before diffusing to infinity. The fraction of particles that turn around before reaching
infinity is simply
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The fraction of successful trajectories is simply the sum of the series

p=B+B801-8)Q+8(1-p8)+..

which is just a geometric series yielding
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and hence

k(b)B




